The objective of this paper is to define a rigorous numerical method to calibrate parameters of a given local bond-slip relationship using experimental results of pullout tests, taking into account the distribution of the slip and bond shear stress throughout the bar. The proposed method involves finding parameters of a given bond-slip relationship, such that results of pullout tests can be predicted in terms of applied pullout force and consequent slip at the loaded end and slip at the free end. The method is applied to some experimental data, and the results are discussed. For the application of the proposed method, two analytical expressions of the bond-slip relationship are selected, even though it could be applied to any analytical expression. An example of determination of anchorage length starting from the knowledge of the local bond-slip relationship is given.
INTRODUCTION
In recent years, fiber-reinforced polymer (FRP) materials have been produced in bar shapes to be used in reinforced and prestressed concrete members in place of conventional steel reinforcement. These bars are characterized by high tensile strength, Young's modulus lower than steel, high durability, light weight, and electromagnetic permeability (''State'' 1996) .
FRP bars can be produced with a smooth surface, or having a deformed surface configuration to improve bond with concrete (e.g., indented, grain-coated, etc.). In addition to surface shape and treatment, an FRP bar can be produced with different characteristics such as fiber and resin types and fiber ratio.
As FRP bars are developed, a number of phenomena concerning the structural behavior of conventional reinforced and prestressed concrete members must be reconsidered. Among them is the bond between concrete and reinforcing bar. To experimentally establish the bond performance, the simple method of direct pullout was considered in this paper given the availability of numerous test results.
When a local bond-slip relationship involving some unknown parameters is given and pullout test results are available, the unknown parameters can be determined using several numerical calibration methods. Some of these methods are based on the assumption that the slip and bond shear stress are constant throughout the embedment length. This assumption is substantially correct for steel bars; however, when FRP bars are considered, the distribution of the slip and bond shear stress along the embedment length cannot be neglected, as mentioned later.
In this paper a method to calibrate parameters of a given local bond-slip relationship is proposed. Once a local bondslip relationship is selected, a pullout test can be numerically simulated, and results of the numerical procedure can be compared with the experimental data. As the analytical bond-slip relationship contains some unknown parameters, the method proposed in this paper allows the rigorous determination of these parameters by a computational minimization of the dif-ference between the experimental and theoretical results. The method involves the slip distribution throughout the embedment length, corresponding to a certain pullout force. This important characteristic is related to the substantial difference between the loaded and free end slips, as pointed out by many authors (Chaallal and Benmokrane 1993; Nanni et al. 1995; Greco et al. 1998) and to the observed dependence of the average bond strength on the embedment length resulting from the nonlinear distribution of the bond stress along the embedded portion of the bar (Larralde and Silva-Rodriguez 1993; Nanni et al. 1995; Greco et al. 1998) . The difference between the loaded and free end slips is caused by the low longitudinal Young's modulus of the bar. Moreover, transverse and shear properties of FRP bars are dominated by the resin, which is relatively weak and compliant in comparison to the fibers and can lead to additional slip mechanisms than those in the case of steel bars (Cosenza et al. 1997) . For the application of the method, two analytical expressions of the local bond-slip relationship are selected.
It must be pointed out that results of pullout tests give an upper bond value for the bond-slip performance of an FRP bar, because splitting of the concrete is avoided by the thickness of the concrete cover and by the confining action of the reaction plate on the concrete specimen. Beam tests can show lower bond-slip performance caused by the possible formation of longitudinal cracks in concrete in the anchorage zone.
LOCAL BOND-SLIP RELATIONSHIP
In the following, it is assumed that the bond characteristics of a reinforcing bar are analytically described by a local relationship = (s), in which is the shear stress acting on the contact surface between bar and concrete, and s is the slip that is the relative displacement between bar and concrete. Once the function = (s) is known, using the differential equilibrium equation of bar and concrete together with the definition of slip, the differential equation governing the slip can be derived (Russo et al. 1990 • FRP bar has a linear elastic constitutive law in the longitudinal direction.
• The displacements of the concrete points at the interface between the concrete and FRP bar are negligible in comparison with the displacements of the bar points; this is equivalent to stating that the slip at each interface point is equal to the displacement of the corresponding cross section of the bar.
Using (1), important problems such as the determination of anchorage length, transfer and development length in prestressed pretensioned beams, tension stiffening, and crack spacing and opening can be solved once the boundary conditions of the specific problem are specified. This observation reinforces the importance of a consistent local bond-slip = (s) relationship, and, consequently, the definition of a simple standard test and interpretation method to find it. An example of determination of the anchorage length is reported at the end of the paper.
Analytical Expressions for Bond-Slip Relationship
Analytical expressions for the local = (s) relationship have been developed elsewhere for steel and FRP bars (Eligehausen et al. 1983; Larralde et al. 1993; Malvar 1995; Cosenza et al. 1997) . In this paper, two = (s) relationships were selected as examples even though findings could be applied to any analytical expression. The following = (s) relationships were selected:
expression obtained by multiplication of Bertero-Eligehausen-Popov (BEP) expression (Eligehausen et al. 1983) , (s) = 0 (s/s 0 ) ␣ , by the linear function assuming a value of 1 at s = 0 and a value of 0 at a certain s (Fig. 1) . The expression is
In this case the unknown parameters are 0 , s 0 , ␣, and s. Once ␣ is set, for each value of s 0 a value for 0 can be determined such that (2a) represents the same law. Therefore, in the following it is set s 0 = 1 mm. The corresponding value for 0 will be named C, and (2a) becomes
In this case the unknown parameters are C, ␣, and s. Eq. (2b) represents a = (s) curve having an ascending branch, up to the slip ␣s/(1 ϩ ␣) and a descending branch in the range ␣s/(1 ϩ ␣) Յ s Յ s.
• The Cosenza-Manfredi-Realfonzo (CMR) = (s) expression is as follows (Cosenza et al. 1997) :
In this case the unknown parameters are m , s r , and ␤. Eq. (3) represents an ascending = (s) relationship; it is thought to be valid up to a certain slips.
As shown, any = (s) relationship involves the use of parameters to be determined by calibration with the experimental results. In this paper, a method to determine such parameters is suggested as presented in the following section.
As the local = (s) relationship must be used in (1) for the solution of the mentioned structural problems, in some cases it could be advantageous to deal with an analytically simple relationship, such that the solution of (1) is known in closed form. For example, as will be shown, the problem of determining the anchorage length can be solved in closed form if the simple BEP expression is adopted. It can be provided that when the slips are small, CMR and mBEP expressions are substantially the same law. This observation can be useful when it is desired to solve a problem in which the maximum allowable slip is small, depending on facts, such as crack opening, that are not related to the = (s) relationship.
By using McLaurin series, the CMR expression can be written as s /6s r with s/2s r and s/2s r is negligible compared with 1.
Eq. (4) is the mBEP expression once the following substitutions are made: 2s
Obviously, mBEP expression (2) can be considered equivalent to BEP expression (s) = Cs ␣ when the slip s is so small (or s is so big) that the term s/s is negligible compared to 1.
INTERPRETATION OF PULLOUT TEST RESULTS
In this section, a method to calibrate a given local bondslip, = (s), relationship, starting from pullout test results, is described. It consists of the numerical solution of (1) with different boundary conditions. This allows us to find the theoretical relationship N = N (s l ) between the applied normal force and the slip at the loaded end and the relationship N = N (s f ) between the applied normal force and the slip at the free end consequent to a chosen = (s) relationship. By best fit-
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ting these relationships with the experimental results, the unknown parameters can be determined.
The proposed method will be applied to the experimental results of some pullout tests, details of which can be found in Freimanis et al. (1998) . The characteristics of the specimens are reported in Table 1 . The adopted bar is made of E-glass fibers and a polyester resin matrix; the surface treatment consists of a sand covering and a single glass tow wrapped before curing to provide a spiral indent. For each diameter and for each embedment length, one, two, or three specimens have been analyzed. The adopted specimen notation indicates the diameter [first number: 6.4 mm (2/8 in.), 9.5 mm (3/8 in.), 12.7 mm (4/8 in.), or 15.9 mm (5/8 in.)], the embedment length (second number: 2.5, 5, 10, or 15 times the diameter), and the specimen identification letter (a, b, or c).
Notation
During a pullout test, having L em as the embedment length, the forces N 1 < N 2 < иии < N i < иии < N m are applied at the loaded end of the bar. Corresponding to these forces, the loaded end slips s l1 < s l2 < иии < s li < иии < s lm and the free end slips s f 1 < s f 2 < иии < s fi < иии < s fm are measured.
Related to the embedment length L em , a pullout force N k exists, such that for N i Յ N k the free end of the bar does not slip; that is
Moreover, if N is the generic applied pullout force and s l and s f are, respectively, the loaded and free end slips with respect to an x reference axis in the centerline of the bar, starting at the free end, the following functions can be defined ( For these functions one can state
Theoretical Relationships
Useful relationships involving the pullout force and the slip at the loaded end and the slip at the free end can be determined using either an energy approach or an equilibrium approach. Only the former is reported in this paper. The equilibrium approach can be found in Russo et al. (1990) .
Consider a pullout specimen, and let N be the pullout force applied to the bar. The slip along the bar s(x) and the strain along the bar ε b (x) correspond to the force N . If the displacements of the bar points can be equated to their slip, the diagram of the slip along the bar s(x) can be considered as the sum of a constant component s f producing a rigid displacement of the bar and a component s d (x) producing deformation of the bar (Fig. 3) . It can be stated 
where
From (8) and (10) we obtainx
Eq. (12) must be satisfied for each value of 0 Յ x Յ L em . We conclude 
s r (mm) 
Description of Method
Suppose it is desired to find the set of unknown parameters of a given local = (s) relationship and results of a pullout test in terms of pullout force and loaded and free end slips Step 1. This step consists of determining the maximum pullout force, N 1m , and the corresponding loaded end slip, s l1m , for which no free end slip occurs. It can be done solving the differential equation [ (1) If the BEP expression for = (s) is chosen, the solution s(x) in closed form of (1) with boundary conditions of (19) can be found in Cosenza et al. (1996) . If another expression is chosen, a numerical solution can be used. In both cases it can be found that
Step 2. This step consists of determining the relationship between the applied pullout force and the slip at the loaded end, N = N (s l ), when the free end does not move (i.e., for s l Յ s l1m and N Յ N 1m ). For this purpose, (15) can be used with s f = 0. If the mBEP expression for = (s) is considered, function N = N (s l ) becomes 2 1ϩ␣ 2 2ϩ␣
If a = (s) relationship is chosen, whose integration in closed form is not possible, numerical integration can be used for the solution of (15).
Step 3. This step consists of determining the relationship between the applied pullout force and the slip at the loaded end, N = N (s l ) and the relationship between the applied pullout force and the slip at the free end, N = N (s f ), when the free end slips (i.e., for s l > s l1m and N > N 1m ). For this purpose, the differential equation [(1)] must be numerically solved for several possible slips at the free end s f ; that is, for a certain number of boundary conditions of the type
In this way for each value of s f , a value for s l and a value for the pullout force N are associated, and functions N = N (s l ) and N = N (s f ) are numerically found. It has to be noted that function N = N (s l ) is meaningful at s l Ն 0, whereas function N = N (s f ) is meaningful only at s f > 0; that is, at s f = 0, the pullout force can assume all values in the range 0 Յ N Յ N 1m .
Step 4. This step consists of comparing the above-determined N = N (s l ) and N = N (s f ) relationships with the experimental results of the pullout test. The number
measuring the distance between the functions N = N (s l ) and N = N (s f ) and the experimental points (N i , s li ) and (N i , s fi ) represents the error between the experimental results and the theoretical N = N (s l ) and N = N (s f ) laws found as a consequence of the initial best-guess p of the unknown parameters. The correct set of unknown parameters p is assumed to be the one minimizing E( p).
Step 5. This step consists of repeating Steps 1-4 until p minimizing E( p) is found. For the minimization of function E( p), various algorithms minimizing a function of several variables can be used. In the application presented in this paper, the simplex method described by Nelder et al. (1965) was used. Tables 2-5 report values for the parameters of the reported = (s) relationships, found by applying the described method to the experimental results of Freimanis et al. (1998) . The reported error is calculated as Table 6 . These parameters represent the local bond-slip laws resulting from the average behavior of all the considered specimens. The mBEP law with ␣, C, and s and the CMR law with ␤, m , and s r reported in Table 6 , can be considered as characterizing the bond slip behavior of the considered bar. When this bar is adopted, the given parameters can be used for the solution of structural problems involving the bond-slip phenomena. An example of determination of anchorage length for this bar is reported at the end of the paper.
Step 6. This step (optional) consists of repeating Steps 1-5 a certain number of times, neglecting, at each time, some experimental points (starting from the higher pullout forces). This step can be useful when, as in the case of BEP and CMR expressions, the law is thought to be valid only up to a certain value of the slip In fact, in Steps 1-5, when considering all s. the available experimental slips, it has been assumed that the maximum experimental loaded end slip is greater than If s. the assumption is correct, neglecting some experimental points, corresponding to the higher loaded end slips, and repeating Steps 1-5, the same values for the unknown parameters of the local = (s) should be found. Repeating Steps 1-5 and neglecting each time some experimental points, the relationships between the found parameters and the maximum slip considered in their determination can be found. If the resulting parameters are found to be almost constant with respect to the maximum considered slip, up to a certain value of the slip itself, it is possible to state that the chosen = (s) law with found parameters is valid up to this slip.
The described procedure has been applied to the mentioned pullout results, and it has been observed that the parameters change quite smoothly when the most experimental points are considered and abruptly when only a few experimental points are considered. The writers consider this behavior to be the effects of the numerical procedure and the less accurate measurement of very small slips and pullout forces rather than the physical behavior of the specimens.
OBSERVATIONS
The first observation deals with the meaning of the local = (s) law. In most cases the contact surface between the FRP bar and concrete is highly irregular resulting from the shape of the bar's surface. In these cases it is difficult to imagine that the same = (s) law is valid for all the contact points; thus, the local = (s) law has the meaning of the average law over a length representative of the different bar-concrete contact points. This observation is also related to the choice of the embedment length in pullout tests.
The described method needs, for each specimen, a quite long computation time, owing to the necessity of solving a great number of different equations corresponding to different values for the slip at the free end (Step 3). However, it becomes simpler if the embedment length is large enough so that the free end does not slip even when the strength N u of the bar is applied as the pullout force. In such cases, the determination of the N = N (s f ) law is not required, and the N = N (s l ) law is given by (15) (Fig. 10) only give general indications on the bond-slip behavior of the considered FRP bar. The next step of the research is to check whether using the best-fitted law allows prediction of related phenomena such as crack spacing and opening, transfer length, or anchorage length.
The most consistent results in terms of the comparison between experimental and theoretical N = N (s l ) and N = N (s f ) laws are found for the highest embedment lengths, thus confirming the fact that the embedment length must be long enough to be representative of the different FRP/concrete interface conditions and to make negligible the unavoidable end effects.
Figs. 4, 5, and 10 show that local = (s) laws found starting from mBEP or CMR expressions are almost equivalent for small slips (in Fig. 10 , averages of mBEP and CMR relationships are practically coincident). Some differences can be observed for larger slips.
DETERMINATION OF ANCHORAGE LENGTH
Consider a bar of the type above considered for pullout tests and application of the proposed method. The local bond-slip relationship for this bar is described by the mBEP or CMR laws with parameters reported in Table 6 
At x = L an the strain in the bar must be
Thus, the anchorage length can be found.
The local mBEP = (s) relationship is considered for this example. Using parameters reported in Table 6 s 0.337
Numerical solution s(x) of (1) with boundary conditions of (25), corresponding to the mBEP local relationship is reported in Fig. 12 . The normal force throughout the bar N(x) is given by the derivative of function s(x) multiplied by E lb A b and is reported in Fig. 13 . The value of x, to which N = 30 kN corresponds, is the needed anchorage length. It is found that L an is approximately 250 mm. The maximum slip (loaded end slip) can be found in Fig. 12 , as the slip corresponding to x = L an . The result is s an = s(L an ) = 0.85 mm. If the local CMR = (s) relationship with parameters given in Table 6 is considered, it is found that L an is approximately 270 mm and s an = s(L an ) = 0.84 mm.
If the slip at the loaded end s an = s(L an ) is expected to be such that the ratio s an /s is negligible compared to 1, the BEP relationship could also be used. Solution in the closed form of (1) with boundary conditions of (25) corresponding to the BEP relationship is (Cosenza et al. 1996) 1/(1ϪѨ) 2
From (29) it is found that L an is approximately 240 mm, and from (28) s an = s(L an ) = 0.83 mm. The advantage of using the BEP relationship is evident, as a result of the knowledge of the closed-form solution of (1) with boundary conditions of (25), which allows avoidance of a numerical solution and simplifies computation of the anchorage length. Functions s = s(x) and N = N(x) corresponding to the CMR and BEP expressions are reported in Figs. 12 and 13.
As shown, the knowledge of the parameters of a local bondslip relationship characterizing an FRP bar allows one to easily find the anchorage length of the bar itself, once the nominal tensile design force is given. The anchorage length can be seen as a function of the parameters of the bar's bond-slip relationship. In a similar manner, the other above-mentioned structural problems involving the bond-slip characteristics can be solved.
CONCLUSIONS
A method for the determination of the parameters of a local = (s) relationship from results of pullout tests that take into account the distribution of slip and bond shear stress along the embedded portion of the bar is proposed. The method was applied to some pullout test results, corresponding to different embedment lengths, and local = (s) relationships were found. It was observed that the longest embedment lengths gave the most consistent results, emphasizing the need of using embedment lengths long enough to involve a bar length representative of the different interface concrete/FRP points. The possibility of finding local bond-slip relationships using long embedment length is strictly related to the consideration of the distribution of slip and bond shear stress along the embedded length of the bar. If only the average bond stress is considered, the bond-slip relationship becomes a function of the considered embedment length.
The needed computation time for the application of the proposed method is related to the number of unknown parameters in the chosen local bond-slip relationship.
The method becomes simpler and faster if the embedment length is long enough that no slips at the free end occur by possibly skipping the step which needs the longest computation time.
The knowledge of the local bond-slip law allows one to easily find the anchorage length as a function of the law's parameters, as shown, and to solve, for any diameter of bar with similar design, structural problems such as transfer and development length in a general way, thus avoiding the use of empirical formulations.
APPENDIX I. REFERENCES APPENDIX II. NOTATION
The following symbols are used in this paper: A b = cross-sectional area of FRP bar; C = parameter of BEP and mBEP bond-slip relationship; d b = diameter of FRP bar; E = parameter measuring distance between theoretical and analytical relationships; E lb = longitudinal Young's modulus of FRP bar; E r = dimensionless parameter measuring distance between theoretical and analytical relationships; L an = anchorage length; L em = embedment length; N = normal force along bar; N = generic pullout force; N an = anchorage force; N i = pullout force at ith load step, i = 1, 2, . . . , n; N k = pullout force corresponding to first free end slip; p = set of parameters of local bond-slip relationship; p = set of parameters of local bond-slip relationship minimizing E( p); s = slip, relative displacement between bar and concrete; s = parameter of BEP bond-slip relationship; s = slip up to which local bond-slip relationship is valid; s an = maximum slip corresponding to N an and L an ; s d = relative displacement between loaded and free end of bar; s f = generic free end slip; s fi = free end slip at ith load step, i = 1, 2, . . . , n; s l = generic loaded end slip; s li = loaded end slip at ith load step, i = 1, 2, . . . , n; s lk = loaded end slip corresponding to first free end slip; s r = parameter of CMR bond-slip relationship; s 0 = parameter of BEP and mBEP bond-slip relationship; x = reference axis along bar; ␣ = parameter of BEP and mBEP bond-slip relationship; ␤ = parameter of CMR bond-slip relationship; ⌫ = volume of bar; ε b = bar strain; b = bar normal stress; = bond shear stress at bar/concrete interface; m = parameter of CMR bond-slip relationship; 0 = parameter of BEP and mBEP bond-slip relationship; and ⍀ = lateral surface of bar.
